MaTH 18500 WEEK 8: LAPLACE TRANSFORMS

Laplace Transforms. We have seen that Fourier series and Fourier transforms give us an entirely different
way of thinking about functions - in the frequency domain rather than in the time domain. However, they
are not well-adapted to solving initial value problems, for reasons we have already discussed.

One method for thinking in the frequency domain in the context of initial value problems is to use the Laplace
transform. The Laplace transform can be applied to any function y(¢) which is defined on the interval [0, 00),
with the idea being that if one is interested in solving an initial value problem

my// + by/ + ky = f(t) ) y(()) =%o , y/(O) = Yo,
then one is not interested in the values of y(t) for t < 0.

When we take the Laplace transform of y(t), the result is a new function of a different variable, Y (s). This
new function is defined as follows:

Y(s) = / y(t)e *tdt
0
Often, we will use the shorthand

Y(s) = LA{y(t)},

where £ stands for “Laplace transform”.

Most of the time, we will think of s as a real number, but it is important to be aware that it is possible to
substitute complex values of s as well.

Notice that the Laplace transform has a similar appearance to the Fourier transform,

i) = [y

—o0
In fact, if we assume that the function y(t) is zero for t < 0 and decays rapidly to zero as t — oo, then we
can recover §(k) from Y (s) by making the substitution s = ik:

Y (ik) = 4(k)
For functions y(t) satisfying this assumption, the Laplace transform can be viewed as a generalization of the
Fourier transform, where ik is replaced with an arbitrary complex number s.

To get started computing Laplace transforms, let’s find the Laplace transform of the function y(t) = 1:

t > —st 1 1
L{1} :/ 1-e Stdt = — = (Hm € ) — (—) =,
0 0 t—oo 8 S s

Notice that this computation is only valid for s > 0, because we have made the assumption

e—st

S

lim e~%t = 0.
t—00

In general, the integral defining the Laplace transform will only converge for sufficiently large values of s (or
more precisely, for complex values of s with sufficiently large real part).

For functions f(t) which grow faster than any exponential function of the form e%, such as

f) =e",
the Laplace transform will not be defined for any value of s. More precisely, we must always assume that
there is a value of s such that

lim f(t)e * =0,
t—o0
in order to legitimately take the Laplace transform of f(t).

Next let’s compute the Laplace transform of the function e®:

oo 00 (3—s)t |°° (3—s)t 1 1
L{e*} = / e dt = / eB=tdt = & = (tli}go 63 _ ) T35 s
0 o 0 s s s—3

Even though the function e3' grows rapidly as t — oo, it still satisfies

lim e3e %t =0
t—o00

3—s

1
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as long as Re[s] > 3, and therefore it is legitimate to evaluate the Laplace transform for all such values of s.

In both examples we have done so far, the formula for the Laplace transform can be evaluated at any complex
value of s (except for s = 0 in the first example, and s = 3 in the second example). This is a special case of
a phenomenon called analytic continuation, which we will not discuss.

Both examples can be generalized as follows:

E{e—at} — / e—ate—stdt —
0

This is valid for any value of a, and is worth memorizing.

1
s+a

As another example, we can compute the Laplace transform of a sinusoid, y(t) = cos(wt). To do this in the
least painful way possible, we will exploit the fact that the Laplace transform is linear:

oo

LU +90) = [ (70 +g®)e e = [ petarr [ e e = {70} + L{o(0))
0 0 0
This fact, combined with Euler’s identity, gives us

iwt —iwt 1 1 1 1 X .
E{cos(wt)}:ﬁ{e—;e} ( )_ s§+iw+ s —iw s

C 2(stiw)(s —iw) 82+ w?

2

s—iw S+ iw

A similar computation (try it yourself!) gives the Laplace transform of sin(wt):
w

s2 +w?’

In both cases, the integral defining the Laplace transform converges only when s > 0.

L{sin(wt)} =

Now suppose we want to calculate the following Laplace transform:
L{e 3" cos(4t)}

This can be done using a general rule about Laplace transforms, called the exponential shift rule. This
rule states that if the Laplace transform of f(t) is

L)} = F(s),
then the Laplace transform of e~ f(¢) is

L{e ™ f(t)} = /Ooo e~ f(t)e tdt = /O°° f(t)eCF It = F(s + a).

Applying this, we see that since the Laplace transform of cos(4t) is

S
E{COS(4t)} = m,
the Laplace transform of e =3¢ cos(4t) is
+3
L{e 3t cos(4t)} = — 2
{e7>" cos(4t)} TEEIEEYE
In general, the transform of an exponential times a sinusoid can be found using the following rules:
s+a
L{e " cos(bt)} = ——5——.
{e7* cos(bt)} Graiii
and
b
Lie P sin(bt)) = ———M .
(et sin(bt)} = o

Another important rule for computing Laplace transforms is the rule for Laplace transforms of derivatives,
which states that

L{f(1)} = sF(s) — f(0)



This can proved using integration by parts:

/oo Fyestdt = f(t)e ™| ° f/oo f(t)(—set)dt
0 0

(lim f(t)e’“) —f(0)+s/0m F(t)estat

t—o0
—f(0) + sF(s)
Notice that for the computation above to be valid, we had to assume that
: —st __
tli>rgo f(t)e - 07

for all sufficiently large values of s.

There is a similar rule for second derivatives, which can be obtained by applying the rule for first derivatives
twice in a row:

LU ()} = sL{fF (1)} = f'(0) = s(sF(s) = f(0)) = £'(0) = s*F(s) — s£(0) = f'(0)

In general for higher derivatives of order n, we will always have

L{FY = 8" F(s) = 8" (0) = "2 f1(0) — - — s (0) = f 1 (0)
As an application of this rule, suppose we want to calculate the Laplace transform of the function
tn

f(t) = ]

for some integer n. Since the nt" derivative of this function is
f(")(t) =1,

and
£9(0) = 0

for all £ < n, we can conclude that
1
5= L{1} = s"F(s)

and therefore,
1

sn+1
This gives a general rule for Laplace transforms of powers of ¢:

n!
ny _—
In combination with the exponential shift rule, this rule allows us to compute Laplace transforms of arbitrary
functions of the form

F(s) =

f(t) = P(t)e”

where P(t) is a polynomial and e* is any real or complex exponential.



Inverse Laplace Transforms. There is a mathematical theorem which states that any function is uniquely
determined by its Laplace transform. In other words, if two functions have the same Laplace transform,

LLf(8)}y = L{g(t)}
Then the functions themselves are equal:
f(t)=g(t).
This result is a consequence of the Fourier inversion formula - you can read a proof in the appendix to this
week’s notes if you are interested.

For the kinds of functions f(¢) we have been considering up until now - linear combinations of exponentials
times sinusoids - the Laplace transform will be a rational function, i.e. a ratio of two polynomial functions:
ap 4+ a1s+ ass® + -+ a,s”
F(s) =
bo + b1s 4+ bys2 4+ -+ -+ by, s™
Given any such function, we can attempt to work backwards and figure out which function it is the Laplace
transform of.! If we determine that

F(s) = L{f(1)},
then we will write
Ft) = L7HE(s)).
and say that f(t) is the Inverse Laplace transform of F(s).
There is a formula for the inverse Laplace transform, similarly to how there is a formula for the inverse
Fourier transform. You can read about this formula in the appendix mentioned above. However, we will

never use the formula, because it is too complicated! Instead, our method will always be to recognize the
function F'(s) as the Laplace transform of a function we are familiar with.

A key property of the inverse Laplace transform is that it is linear - if

LLF@)} = F(s) , L{g(t)} = G(s),
then
L{f(t) +9(O)} = F(s) + G(s),
and therefore,
LTHE(s) + G(9)} = f(t) + g(t) = LTHF(s)} + L7HG(s)}
In the examples which follow we will use this property without comment.

The inverse Laplace transform of a rational function can always be found using partial fractions. For example,
consider the function

2543
F(s)= ———7—.
() s2+3s—4
To find the inverse Laplace transform, we first factorize the denominator:
25 +3
Fls)= ———.
() (s—=1)(s+4)
We then attempt to find a partial fractions decomposition:
25+ 3 A B

(s—=1)(s+4) s—1+s—|—4
You may have seen how to do this by combining the denominators on the right hand side:
2543 A B A(s+4)+B(s—1) (A+B)s+ (4A—B)

(s—1)(s+4) s—1 s+4  (s—1)(s+4) (s —1)(s+4)
In order for this to be valid, A and B must satisfy the system of equations
A+B=2, 4A-B=3

which can be solved, giving A = B = 1.

LAn inverse Laplace transform always exists provided lims— o F'(s) = 0, or equivalently if n < m. If this condition does not
hold, one must introduce the concept of a “generalized function” to describe the inverse Laplace transform.
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But you should be aware that there is a far more efficient method, which doesn’t involve solving systems of
equations! It goes like this. To find A, we first multiply both sides by s — 1:

28+3*A B(s—1)

s+4 s+4
If we set s = 1, the term involving B vanishes, and we get
2143 ?1
1+4 5

Similarly, if we first multiply by s + 4,
25 +3  A(s+4)

= B
G- s—1 %

and then set s = —4, we get

2-(-4)+3 =5
(-4)—-1 -5

This is called the Heaviside cover up method. To get A, we cover up s — 1, and to get B, we cover up s + 4.

B = 1.

No matter how we find the values A =1 and B = 1, we can conclude that
1 1
s—1 + s+4
Taking the inverse Laplace transform of both sides, we obtain the inverse Laplace transorm:

LYF(s)} =71 {sil} +L7t {SLL} =el+e .

In general, for any function of the form

F(s) =

co+cis+--+cp_1stt

(s=A)(s—Aa) - (s—An)’
where the degree of the polynomial in the numerator is less than the degree of the polynomial in the
denominator, it is usually possible to find a partial fractions decomposition of the form
Ay Az Ay,
s — A1 +57)\2 +"'+5,)\n
using the method above. This gives us the inverse Laplace transform:
L7UF(s)} = AjeMt + Age?t 4. 4 A et

However, there is a very important exception to this rule! If the denominator has repeated roots,
then additional terms must be included. We will explain how this works later.

F(s) =

F(s) =

When the denominator has complex factors (but no repeated roots), we can do partial fractions with complex
numbers (which is no big deal and works just fine!). However, there is also an alternate method, which is
better adapted to obtaining inverse Laplace transforms in real form.

To get the idea of how the alternate method works, let’s find the inverse Laplace transform of
2543
Gls) = s2 425+ 2
As a first step we can “complete the square” in the denominator, by looking for values of a and b such that
2425 +2=(s+a)>+b*=5>+2as + (a® +b?)
For this identity to be valid, we must have 2a = 2 and a? +b? = 1, hence a = 1 and b = 1. We conclude that
2425 +2=(s+1)2+1.

We can then try to write
A+ B 1
G(s) = A+B(s+1)
(s+1)2+1
for constants A and B. In order for this to be valid we must have

A+ B(s+1)=2s+3,



which (after a bit of work) implies that B =2 and A =1, so
1+2(s+1)
G(s) = —————.
Ol P
Applying the linearity and exponential shift rules, we see that this is the Laplace transform of
g(t) = e 'sint + 2e " cost,
and therefore,
L7HG(s)} = e tsint 4 2e " cost.
In general, given a rational function with a combination of real and complex factors in its denominator, like
25+ 3 s24+25+3
H(s) = 2 = 2
(s+3)(s?2+2s+2) (s+3)((s+1)2+1)
we can seek a partial fractions decomposition of the form
A B+C 1
H(s) = FCls+l)
s+3  (s+1)2+41
with one term for each real root of the denominator and one factor for each pair of complex conjugate roots.

We know that it is possible to find such a decomposition, because we can always do a complex partial
fractions decomposition and write
A Z w

H(s) = .
() 5+3+37(1+i)+37(17i)
for complex numbers Z and W. Combining the last two terms yields an expression of the form
Z w  (Z+W)s+i(Z-W)  B+C(s+1)

st s G-0+)e-0-9)) GrEil

Since H(s) is real, the numbers B and C' must be real (and Z and W must be complex conjugates).

So the real question is - what is the most efficient way to determine the coefficients A, B, and C? Of course,
A can be found using the cover-up method. We multiply by s + 3,

2s+3 B+ C(s+1)
_ T2 A o T
24+ 2s+2 +lst )(s+1)2+1
and set s = —3, which gives us
Ao 2343 3

(—3)2-2-3+2 5
To find B and C we can apply a similar trick - just multiply both sides by (s + 1) + 1:

2543 9 A
= 1 1)—+B+C 1
13 ((s+1)"+ )S+3+ +C(s+1)
We can then substitute s = —1 + 4, which is a root of the equation

(s+1)*+1=0.

This gives us

242 +3 142 (1+2)(2-i) 4+3i

L e S 5 5
Since B and C are real, we must have B = % and C' = % Putting it all together, we find that
2 3 3 1 1 3 1 4
H(s) = S+ _ 136+D+

(s+3)(s2+2s+2) 5 s+3 5 (s+1)2+1
This method allows you to find inverse Laplace transforms of general rational functions with both real and
complex roots, provided that there are no repeated roots.

Now we are ready to discuss the case where the denominator has repeated roots. Suppose we want to find
a partial fractions decomposition of the function



In this case, it is not possible find constants A and B such that
2 —s A B
s2(s+1) T s+l T
because combining the fractions on the right hand side would give
As+ B(s+1)
s(s+1)

and the denominator of this function is not s%(s + 1).

It is also not possible to find constants A and C' such that
2
57 —s A

s2(s+1) _5—4—14—5727

because combining the fractions would give

As? +C(s+1)
s2(s+1)
and there are no values of A and C such that
As? +C(s+1) = 5% —s.

What does work is to seek a partial fractions decomposition of the form
s2—s A B C

= =+
$2(s+1) 8+1+8 52
In this case combining the fractions gives

s?—s  As?+Bs(s+1)+C(s+1) (A+B)s*>+(B+C)s+C

s2(s+1) s2(s+1) s2(s+1)
and this gives the system of equations
A+B=1, B+C=-1, C=0
which does have a solution,
A=2, B=1, C=0
You might ask whether there is a generalization of the cover-up method which will allow us to efficiently
find A, B, and C without solving a system of equations. The answer is “sort of”. We can certainly find A

by multiplying through by s + 1:

s?2—s B C
Then setting s = —1 gives us A = —2.
We can also find C' by multiplying through by s%:

2 A2
s°—s _ As L Bs+C
s+1 s+1

Then setting s = 0 gives us the value C' = 0.

Unfortunately, there is not a similar method for determining B. One trick is to set s equal to a completely
different value, which is not a root of the denominator. For example, setting s = 1 gives
12-1 -2 B 0

B+ 141171

and solving for B we obtain the value
B=1
This trick will work as long as there is only one repeated root with multiplicity 2. For a root which is
repeated m times, you must add an entire series of terms,
Ay Ao Am

G-N o e




where m is the multiplicity of the root. Unfortunately, in cases where the multiplicity is greater than 2, or
when there is more than one repeated root, determining the values of Ay, As, ... A,,_1 will require you to
solve a system of equations.?

It is worth observing what the inverse Laplace transform of the above expression is. Since
o1y _ (F=1)!
LU =g

we can apply linearity and the exponential shift rule and conclude that

2Actually, there is a trick: after multiplying through by (s — A)™, you can take the derivative k times and then set s = A.
In theory, this will give you the value of A,, . But in practice you may find that “the cure is worse than the disease”.
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Transforms of Initial Value Problems. We will now see how to use Laplace transforms to solve initial
value problems of the form

my" + 1y + ky = f(t), y(0)=yo, y'(0)=wvo
The general strategy is to first take the Laplace transform of both sides of the equation,
mL{y"} +1L{y'} + kL{y} = L{f (1)}
We then attempt to solve this equation for the Laplace transform of y(t),
Y(s) = L{y(t)}
Once we have Y (s), we can take the inverse Laplace transform to obtain y(t)!

As you will see, the main appeal of this method is that solving for Y'(s) is pure algebra. The Laplace
transform converts differential equations into algebraic equations.

As a simple example, let’s solve the initial value problem
y'+2y +y=e", y(0)=y(0)=0

Taking the Laplace transform of both sides, we can solve for Y (s):

(
(s*Y (s) = s/(0) = y(0)) + 2(sY (s) — y(0)) + Y () =

1
s+1
9 _ 1
(s + 12V (5) = 5
1
Yis) = (s+1)3

Taking the inverse Laplace transform, we get the solution,

y(t) = LYY (s)) = £ {(5431)3} e {1} et = ge_t

For a more involved example, consider the initial value problem
y' +4y' +8y=e", y(0)=1, y'(0) = -5,
To do this, we take the Laplace transform of both sides:
1
s2Y () — sy(0) — 4/ (0) + 4sY (s) — 4y(0) + 8Y(s) = 3
Substituting our chosen initial values, we find that
1
(s> +45+8)Y(s) —s+1= P
5 —
and solving for Y'(s) gives
1 n 1-s
(s24+4s+8)(s—3) s2+4s+38
This part is always easy - solving for Y (s) is always just simple algebra!

Y(s) =

The hard part is finding the inverse Laplace transform of Y(s). Since the equation
2445 +8=(s+2)2+22=0
has complex roots s = —2 4 2i , we seek a partial fractions decomposition of the form
1 1—s A+B(s+2) C
((s+2)2+22)(s—3) + (s +2)2 + 22 - (s+2)2422  s-3
Again, this can be done using the cover-up method. To find C, we multiply on both sides by s — 3:

Y(s) =

1 (1—3)(5—3):(A+B(s+2))(s—3)+c
(s4+2)2422  (s+2)2+422 (s+2)2 422
Setting s = 3, we see that all but the leftmost and rightmost terms vanish, and we obtain
O - 1 1

(3+2)2+22 29
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To find A and B, we first multiply on both sides by (s + 2)? + 22

1 2)2 +22
7+1—s:A+B(s+2)+C&
s—3 5—3
To get rid of the term involving C', we must set s equal to a root of the equation
(s+2)*4+22=0

e.g. s = —2 4+ 2i. Doing this, we get

1
—3—-2i=A+B(—-2+2i+2
—5+2i+ 3—2i + B(-2+2i+2)
—5—2i . .
59 —3—-2i=A+2Bi
Taking real and imaginary parts of both sides, we get
P
29 29
="t 1739
29 29
Therefore,
92 1 30 5+ 2 1 1
Y(s)= —— - = it
) == GT2E 2 W12 E 2953
and

2 1 1 .
y(t) = LY (s)} = 72—9 : 567% sin(2t) — %e*% cos(2t) + @e‘“.
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Technical Appendix. In this section we will describe in more detail how the Laplace transform and Fourier
transform are related, and give a formula for the inverse Laplace transform.

Let f4(t) be a function which is defined on the interval [0,00). Then it can be extended to a function on
the real line by defining
0 t<0
f(t)‘{ Fe®) £>0

From the point of view of the Laplace transform, there is no difference between f, (t) and f(t), because

LU®y = [ e = [ et = £{f0)
0 0
Now assume that there is a value of s such that
/ |f (e ! ?dt < oo

i.e. such that the function
g(t) = f(t)e ™
dies off very rapidly as ¢ — oo. Then it is permissible to apply the Fourier inversion formula to the function
g(t). This gives us
1 > ~ ikt —st
3. | 9(k)e™dt = g(t) = f(t)e
where

a(k) :/ f(t)esote=*tqr = F(s + ik)
This gives us a formula for the inverse Laplace transform:

1 > ) 1 (3 .
f) = est?/ F(s+ ik‘)elktdk — 27/ F(s+ Z-k)e(s+zk)tdk
T J -0 T J_co

and proves that the function f(¢) is uniquely determined by its Laplace transform.
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