MATH 18500 - PROBLEM SET 2

(1) Solve the following initial value problems using integrating factors. In each case, you should give a
formula for the general solution in terms of an unspecified constant C, and then find the value of C'
which results in a solution of the given initial value problem.

(a) y =y—xz+1, y(0)=1.

(b) 3 =2y + e, y(1)=0.

(©) ¥ +2L=v1-a? y(1) =3

(d) tan(z)y +y' = cos(z), y(m) = 0.

(2) Find the most general power series solution of each differential equation, by repeatedly differentiating
the equation. Give an explicit formula for the solution in terms of known functions (no summations).
For parts a and b your answer should involve one arbitrary constant ¢y = y(x¢), and for part c it
should involve two arbitrary constants ¢y = y(0) and ¢; = y'(0).

(a) ¥ =y
Hint: Apply the original equation after each time you differentiate. Center the series at xg = 0.
(b) 2y’ +y=0

Hint: When you write the equation in the form y' = f(x,y), the function f(z,y) is not contin-
wous at x = 0. Therefore, you will need to center the series at a nonzero value of x, such as
Trog = 1.
(c) ¥y +4y=0
(3) Consider the second order differential equation
zy” + (1 —a)y + A y =0,

where A is a constant. This differential equation comes up when modeling the hydrogen atom.
(a) Assuming that the solution takes the form of a power series,

o0
2
y=ag+a1x+ agx®+--- = g anx",
n=0

show that the coeflicients satisfy the recursion
n—A
Ap41 = man,
for all n > 0.
(b) If A = 3, find the most general power series solution. It should be a polynomial of degree 3.

(¢) For which other values of A will every power series solution be a polynomial function of z?
(4) The goal of this problem is for you to get comfortable dealing with complex-valued functions

2(t) = x(t) +iy(t)

in derivatives and integrals. This will be an important skill later in the course. Complex-valued
functions can be differentiated and integrated just like ordinary real-valued functions, using the
definitions

d ) .

=5 [0 Ty ()] = 2'(8) +iy'(¢)

and

/ [2(t) + iy(t)] dt = / o(t)dt +i / y(t)dt.

(a) Expand the function €2 into its real and imaginary parts, and use this to find its derivative.
(b) In general, if ¢ is a real number, use the strategy of part a to show that
— et = jgetat,
dt 1
Notice that this is the same result you would get by “pretending i is a real number”.
(¢) Prove the product rule for complex-valued functions z(t) = x(t) + iy(¢t), w(t) = u(t) + iv(t):
d dz dw

1



Do this by expanding zw into its real and imaginary parts, and applying the definition of
differentiation for complex-valued functions. Tip: To make the computation take up less space,
don’t explicit write out the t dependence. Just write z = x + iy, w = u + v, (zu) = 2’'u + zu’,
etc.

Notice that eI T2t = ete2it and compute the derivative

d

—e

dt
by applying the product rule. You don’t need to write out the real and imaginary parts.

In general, if A\ = p + iq is an arbitrary complex number, use the product rule to show that

(1+2i)t

d e At

—e™ = det.

dt
Notice that this is the same result you would get by “pretending that A is a real number”.
Prove the fundamental theorem of calculus for complex-valued functions,

b
/ St = (b) — 2(a),

by writing z(t) = z(t) + iy(t) and applying the definition of integration for complex-valued
functions.
Evaluate the following indefinite integral, and find its imaginary part:

/ €(1+2i)tdt.

Hint: Use the result in part d to find a complex antiderivative without splitting the integral in
to real and imaginary parts. Take the imaginary part when you’re done.
Let z(t) = x(t) + iy(t) be a complex solution of the initial value problem

% +2z2=>5¢", 2(0) =3+ 4i.

Without solving for z, show that its imaginary part is a solution of the initial value problem
% +y =5sin(2t), y(0)=4.

Find a solution of the initial value problem
% +y =5sin(2t), y(0)=4.

by first solving the complex initial value problem, and then taking the imaginary part of your
answer.
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