MATH 18500 - PROBLEM SET 1

(1) For each differential equation below:
(a) Sketch the isoclines with slopes —2, —1, 0, 1, and 2.
Tip: Use dashed/dotted lines for isoclines, or a lighter color.
(b) Use the isoclines you drew to sketch the slope field.
(c) Sketch three solutions, with initial values y(0) > 0, y(0) = 0, and y(0) < 0. Tip: Use solid lines
or a darker color for the solutions.
(d) Use your sketch to identify an explicit solution, and check by substituting in the equation.
(e) If possible, identify the asymptotic behavior of the solutions as  — +o0.
In other words, identify the asymptotes of the solutions.
It’s a good idea to use computer software like geogebra or grapher to confirm your sketch is accurate.
However, you must create your sketch using the isocline method. Sketches that were clearly produced
by computer (i.e. with evenly spaced slope lines, instead of slope lines along isoclines) will not receive
credit. Also beware - numerical solutions produced by computer may be inaccurate in some cases.
Think about what you are doing, don’t let the computer think for you!
(a) W —=y—2—1.

dx
(b) %:zy+x.
(c) Z—;Z:zQ—yQ—Za:

Tips for making sketches:
(a) Be very careful to draw the same slope at every point on the isocline.
(b) Solutions have local mazima/minima or inflection points on the isocline of slope 0.
(¢) Look out for situations where the solution gets “trapped” between two isoclines.
(2) For each autonomous equation, sketch several solutions which exhibit all possible behaviors. Identify
any equilibrium solutions, and determine whether they are stable/unstable/semistable.

(a) y" = cos(y)
b) yv=@W-Dy—-2)(y—4)
() v =v*(y—1Dy+1)

(3) For each differential equation, find all of the solutions, and determine which of these solutions has
the given intial value:

(a) y +1=2y, y(0)=1

)y =6e27Y, y(1) = 2.

oy =l+z+ty+ay, y-1)=2

d) zy + 222y =224, y(1) = 1.

) Consider an autonomous differential equation y’ = F(y(¢)) such that F' is continuous every-
where. If this differential equation has exactly two equilibria ¥y = y; and y = y9, give an
example or explain why no example exists where

(i) Both equilibria are stable.

(ii) Both equilibria are unstable.

(b) Consider the autonomous differential equation y' = F(y(t)) with exactly one equilibrium y = y;.

(i) Explain why z = y; is also an equilibrium of the differential equation 2’ = —F(z2(t)).
(ii) If z = y; is a stable equilibrium for 2’ = —F(2(¢)), what does this tell us about 3y’ =
P(y(t)?

(¢) In general, a non-autonomous differential equation y' = F'(¢,y(t)) does not have an equilibria
because the dynamics of the system change over time. Give an example of a non-autonomous
first-order differential equation that does have an equilibrium y(t) = y; such that the slope field
is not initially zero at the equilibrium value, that is y' = F(0,y1) # 0.

(5) Newton’s law of cooling states that the rate of heat loss of a body is directly proportional to the
difference in the temperatures between the body and its surroundings. In this problem, T'(¢) to the
temperature of an object, Ty to be the constant temperature of the environment surrounding the
object and k be the the constant of proportionality.
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(a) Write a first order differential equation for the temperature of the object.

(b) Without solving the differential equation, determine whether k is positive or negative, explaining
your answer.

(c) Solve the differential equation.

(d) Calculate tlggo T'(t). What does the disappearance of the constant tell us?

(e) What are two major assumptions used to construct this model?
(6) Consider a chemical equilibrium
X+Y s Z
where X, Y, and Z are chemical compounds whose concentrations are given as functions of time by
x(t), y(t), and z(¢). The concentration of Z can be modeled by the differential equation

i kyxy —k_z

where k. and k_ are constants (the rate constants of the forward and backward reactions). For
simplicity, take kL = k_ = 1, so that

dz

il A
(a) Explain physically why we must have

T—=To=Y—Yo=2%20— %2

where z(0) = 2o, y(0) = yo, and z(0) = zo are the initial concentrations.
(b) Assuming part a, show that z(¢) satisfies a first order differential equation of the form

% =a+bz+cz?,
where a, b, and ¢ are constants depending on xq, yg, and zg.

(¢) Assume for simplicity that the initial concentrations are zog = 3, yo = 4, 20 = 0. What will be
the limiting concentration of Z,

g, 207
Hint: It is not necessary to solve the equation.

(d) Suppose that the reaction rates were instead given by ky = 1 and k_ = 5. Explain, from a
physical point of view, why the limiting concentration of Z would be lower in this case. Verify
this mathematically, by computing the limiting concentration exactly.

(e) Verify your answer to part ¢, by solving for z(¢) and computing the limit.
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