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Definition of expectation



Expectation of a discrete random variable

Recall: A random variable X is a function X : S = R. If it is
discrete, it has probability mass function px(a) = P(X = a).

The expectation of X is

EX]:= > px(x)-x

x:px(x)>0

It is the probability-weighted average of values of X.



Examples

Suppose P(X =1) = % P(X =2) =
is E[X]?

Suppose P(X =1) = pand P(X =0) =1 — p. What is E[X]?



Examples

What is the expected value of a roll of a 6-sided die?

What is the expected number of heads in 2 coin flips?
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Functions of a random variable

If X is a random variable and f(x) is any function, we can create a
new random variable f(X), which maps s € S to f(X(s)) € R.

For Y = f(X), we have

Suppose P(X =0) = 1 and P(X = 1) =
> We have X = X2
> For Y =(X+1)?, wehave P(Y =1)=1 and P(Y = 4) =

N—=

N|—=



Expectations of functions

The expectation of Y = f(X) is

E[f(X)]= > pr(y) -y

y:py(y)>0

= > > A0 f(x)

y:py (y)>0 x:f (x)=y

= > px(x)-f(x).

x:px (x)>0

It is the probability-weighted average value of 7(X).



Properties of expectation

For constants a, b, what is E[aX + b]?



Properties of expectation

For constants a, b, what is E[aX + b]? It is

E[aX + bl = > px(x)-(ax+ b)

x:px (x)>0
=a > px()-x+b > px(x)
x:px(x)>0 x:px(x)>0

= aE[X] + b.



Examples

Let X be the roll of a 6-sided die. What is E[X?]?

What is the expected number of heads in n coin flips?



Probability as an expected value

We say that / is an indicator variable for the event A if

[ 1 if A occurs
1 0if A€ occurs

Find E[/]



Linearity of expectation

If X,Y are random variables, get new random variable X + Y with
E[X + Y] = E[X] + E[Y].
Also works with n variables Xi,..., X,:
Elai X1 + - - + apXp] = a1 E[X1] + - - - 4+ apE[X;].

This means that E[—] is a linear function on the space of random
variables.



Examples

Suppose we shuffle a deck of n cards. What is the expected
number of cards which end up in the same position?

Suppose you put 6 pairs of socks into the laundry, but 3 socks are
lost, leaving 9 total socks. What is the expected number of
complete pairs?
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Future applications



Why care about expectations?

Suppose Xi, ..., X, are chosen independently with the same
distribution as X. Law of large numbers:

Xy oot X
At A noe gy,
n

» From 10° fair coin flips, probably ~half of the flips will be heads.
» If this is not true, | should be suspicious the coin is not fair.

Later in the course, we will quantify this.



Decision making under uncertainty

Rational choice theory in economics says:

> Agents have a utility function u(x) depending on the state of the
world x.

» Faced with possible random states of the world Xy, agents act to
maximize their expected utility:

max Elu(X)].



Decision making under uncertainty

Rational choice theory in economics says:

> Agents have a utility function u(x) depending on the state of the
world x.

» Faced with possible random states of the world Xy, agents act to
maximize their expected utility:

max Elu(X)].

Examples:
» Netflix decides whether to invest in a new show.
» Trader decides which stock to buy.

Utility may not depend purely on monetary value.



Decision making under uncertainty

You are offered the chance to play the following game. We flip a
fair coin. If it is heads, you pay me $10. If it is tails, | pay you $11.
Do you want to play?
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The expected value of playing is
1

1
5(~$10) + - - $11 = $0.50.



Decision making under uncertainty

You are offered the chance to play the following game. We flip a
fair coin. If it is heads, you pay me $10. If it is tails, | pay you $11.
Do you want to play?

The expected value of playing is
1

1
5(~$10) + - - $11 = $0.50.

What if you pay me $100 or | pay you $110? The expected value
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