Lecture 8: Ito-Taylor Expansion I

Zhongjian Wang*

Abstract

Derivation of Ito-Taylor Expansion, notation of stochastic integrals, coefficient
functions

1 Deterministic Analogue

Consider ODE:

d t
EX:CL(X)’ X(t)—X0+/O a(X(s)) ds,

chain rule on any f: ;
S HX) = alX)f(X) = LA(X),
or:

f(X) :f(Xo)—F/Oth(X)(s)ds.

Applying (1.3) to a(X(s)) in (1.1), we get:
X(t) = Xo+t /0 t (a(X0)+ /0 " La(xX)(2) dz) s
— X+ a(Xo) /Otds+/0t/UsLa(X)(z)dzds.
Repeating once more:

t t S
X(t):X0+a(X0)/ ds+La(X0)// dzds + R,
0 0

0

t S3 59
R= / / / L*a(X)(s1)ds; dsy dss.
o Jo Jo
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with:

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)



Continuing this process n times, one recovers Taylor expansion in integral form:

OO = 100+ Y SwHx)

v t / - [ @ e s - dsea. (L6)

2 Ito-Taylor Expansion

Consider Ito eqn:

t t
X, =X, —l—/ a(Xs) ds —l—/ b(X) dWs, (2.7)
0 0
Ito formula gives:
t t
F00) = F060) + [ @ ds+ [ @nee)aw, (238)
0 0
d 1. d?
o_ @&  L,oa"
L ~ Yz * b dz?’
d
1 _ -
L = bdx'

Substitute (2.8) into (2.7):
Xi = Xo

+ /0 t (a(X0)+ /0 (19)(X.) d= + /0 S(Lla)(Xz)sz) ds

+ /0 t (b(X0)+ /0 (L)X, )d= + /0 S(le)(xz)dwz) dw,

t t
0 0

/Ot /OS(L%) dzds+/ / (L'a)(X.)dW.ds
/t /S(L%) L) dzdW, +/ / (L'D)(X.) dW.dW,. (2.10)

Continuing once more by applying Ito formula to L'b(X,):

remainder:

X, = X0+a(X0)/ ds+b(X0)/ dw,
0 0

+(L')(Xo) /Ot /D dW.dW, + Ry, (2.11)
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remainder:

R, = /Ot/OS(LOa)(XZ)dzder/Ot/os(Lla)(Xz)dWst
+ /O t /O S(Lob)(Xz)ddes+ /O t /O 5 /0 Z(LOle)(Xu)dudWZdWS

+ /0 t /O S /0 (LML) (X)) AW dW.dWY,. (2.12)

This is called Ito-Taylor formula, in priciple, one could continue given enough smooth-
ness of a and b, to generate an expansion. The remainder involves multiple stochastic Ito
integrals.

3 Shortened Notations

3.1 Multi-indices
We shall call a row vector
o= (1, J2, -, 1)
where
ji €{0,1,...,m}
fori e {1,2,...,l} and m = 1,2,3,..., a multi-index of length
l:=1lla)e{1,2,...}

Here m will denote the number of components of the Wiener process under consideration.
For completeness we denote by v the multi-index of length zero, that is with

l(v):=0
Thus, for example,
[((1,0)) =2 and ((1,0,1)) = 3.

In addition, we shall write n(«) for the number of components of a multi-index which are
equal to 0 . For example,

n((la 0, 1)) =1, n((0> 1, O)) =2, n((o? O)) =2.
We denote the set of all multi-indices by M, so

M={(G,j2s--,0) i €{0,1,....m},i € {1,...,1}, for [ =1,2,3,... } U{v}. (3.13)
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Given a € M with [(«a) > 1, we write —a and a— for the multi-index in M obtained by
deleting the first and the last component, respectively, of . Thus

( ,0) = (0),(1,0)— = (1)
—(0,1,1) = (1,1),(0,1, 1)= = (0, 1).

Finally, for any two multi-indices o = (41, 2, ..., i) and @& = (4, j2, ..., i) we introduce
an operation * on M by

Q= (1, G20y Jis J1s J2 - -+ 1)

the multi-index formed by adjoining the two given multi-indices. We shall call this the
concatenation operation. For example, for o« = (0, 1,2) and & = (1,3) we have

axa=1(0,1,2,1,3) and a*xa = (1,3,0,1,2)

3.2 Multiple Ito Integrals

Given integrable condition, we can recursively define,

f(7) :1=0
[a[f(')]p,T = pr Ia—[f(')]p,sds :l>1land 5, =0

T Lo [f()pedW2 0 1>1and jy > 1,

Iy f}(),t = /0 f(S)dS
Iﬂw:Af@mg

t S2
1(0,1)[f]0,t=/0 /0 f(s1)ds1 dW, (3.14)

where [(a) = [, for example,

and I; = I;[1]. Then Ito-Taylor expansion up to two layer integrals is:
1
Xt = XO + CL[O + b[l + (CLCL/ + §b2a")](070)
1
+[ab’ -+ §b2b//][(0’1) —+ ba/[(l,o) -+ bb/[(l,l) + e s (315)

dots mean higher layered integrals.



Some Calculations

e For convenience, we write

Ia,t = Ia[]-](),ta Wto =1t.

e Let ji,...,5:€{0,1,...,m} and o = (j1,...,51) € M where [ =1,2,3,... Then
' l l
Wt][Oé,t = Z I(jlv""j’ivjvji+1 """ jl)at + Z 1{.71:]7&0}1(]177.]171707j7«+1 7777 jl),t (316)
1=0 =1

for all ¢ > 0.
Sketch of Proof: By Ito formula,

t t t
Wtjfmt = ](j),tja,t :/ ]oz,sdj(j),s +/ I(j),s[oc—,deSJl + 1{jl:j7é0}/ Ia_,sds (317)
0 0 0
l
= Ly dii)t +/0 Willa— sdW] + 1220 LGi, i 00 (318)

Now, consider W71, _ ¢ by induction.

e (Corollary) Suppose that o = (jy,..., ;) with j; =--- =75, =7 € {0,, ..., m} where
[ >2 Then fort >0

[ t — { l_lltl . : j: 0
“ % (Wtjla—,t - tl(a—)—,t) : ] > 1

Sketch of Proof: The case 7 = 0 follows from the usual deterministic integration rule.
For j € {1,...,m} the relation (3.16) gives

1—2
tlia—y—¢ = Z[(jl7--~7J'7;,0,jz‘+1,m,jzfg),t and
i=0
. -1
Wiyla_’t = l]a7t + Z I(jlr"mji*l707ji+17---7jl_1),t
i=1
Examples:
Lo
Lo = 5 G —1) (3.19)
1
LGgane =3 (I3 — 3t1(5).) (3.20)
1
L0 = 3 (IGe = 615, +38) (3.21)



4 Coefficient Functions

We shall write the diffusion operator for the Ito equation in d dimension defined with m
dimension Wiener process as

A iaki W1 i ib’w‘b”j—82
ot —~ ork 2 Ok o

k=1 j=1
and for j € {1,...,m} introduce the operator
d
A 9
J— kg _—
L= Z b ok
k=1
For each o = (j3,...,J;) and function f (which has enough regularity), we define recursively

the Ito coefficient function

f =0
f"‘:{Lﬁfa c 1>

If the function f is not explicitly stated we shall always take it to be the identity function
f(t,z) = x. For example, in the 1-dimensional case d = m =1 for f(¢,z) = x we have

foy=a,  fay=>b, fan=0b
and
/ 1 2111
f(071) = ab + Eb b

Here the prime ' denotes the ordinary or partial derivative with respect to the x variable,
depending on whether or not the function being differentiated depends only on x or on
both t and .

Now note
foy=a, fo)=0" |
foo) =ad +od", foj)=ab’ +ob™" (4.22)
fouoy = fir ) = 00
given

o =

i (v)? (4.23)

Jj=1

N | —



