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Lecture 10: Strong Approximation of Stochastic
Integrals

Zhongjian Wang*

Abstract

Stratonovich Taylor expansion; strong approximation by Fourier series expansion.

Stratonovich Taylor Expansion

1.1 1D Case

Given X, satisfies,

t t
Xt:Xt0+/ G(Xs)d8+/ b(Xs)dWS,

to to

we know it also can be re-written as,

t t
Xt:Xt0+/ Q(Xs)d5+/ b(Xs)OdWS,
to to

where

g:a—§bb.

Given function f,

PO =F () + [ (g7 (00) 55 F (s + [ b (X,
0 0

= (X)+ [ (= 5M50F (X ds+ [ b (X d,

— (X)) + / LOf (X,)ds + / L'f (X.) o dW,

to

*Department of Statistics, University of Chicago

(1.1)

(1.4)



where we note,
0
(1.5)

L' =a—
- Q@x
0
1
=b— 1.
L=l (16)
Now,
Xt :Xto
t S S
—|—/ (Q(Xto)—l—/ LOQ(XZ)dz+/ ng(Xz)osz)d
to to to
s (1.7)

to

t t
:Xt0+g(XtO)/ ds+b(XtO)/ LodW, + R

to to

t S
+/ (b(Xt0)+/ L% (X.) d= +/ le(Xz)odWZ) o IV,
to to

with remainder,

t S
://LOQ( dzds—i—//Ll .) o dW.ds
(1.8)
//LO .) dz o dW, +//Lb odWodW

1.2 General Case

Consider,
t m t
thxt0+/ o (s, X.) ds+Z/ b (s, X,) dVV7 (1.9)
to j=1 to
we have
t m t
X, =Xy, +/ a (s, X,)ds + Z/ V (s, X,) o dW? (1.10)
to j=1 to
with
m d :
i ;1 kv.(‘)bw
7=1 k=1
If
0 .0
L' = — A 1.12
= ot T ;Q oxk (1.12)
d 0
_ kj_ 9
Lh=) WMo (1.13)



then

1
||
[\DI —

Multiple stochastic integral and coefficient functions can be defined iteratively,

9(7-, 7') . l:O
Ja[g("X-)]p,T = pr Jo [g ) ] ds 1> 1,75,=0
pr‘]Oé [ E ]psodW]l : lzl,]121

Finally, given an hierarchical set A,
D IEAIRTESI N SEATACE ]
acA a€B(A) P

Relationship with Ito Integral, given g =1
e For l(a) € {0,1}

I, = J,.
e For [(a) = 2,
1

Io = Jo = SLii=jar0}J(0):
e For [(a) = 3,

1

Lo = Jo = 5 (Igi=saror J0s) + Liia=ssz0y Jin0) -

e For [(a) = 4,

1
o =Jo + 1 Li=joroy L {is=iaz01 0.0)
1

Relation between Stratonovich Integrals (can be explained)

l
iT
Wi das = E TGt idist i

—3 (T30} J0,3ga) + Tinmss01 J31.040) T Tismia0} J (i1 2.0 -

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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2 Strong Approximation of Stochastic Integrals

Motivation: Riemann-Stieltjes integrals with respect to such a process will converge to
Stratonovich stochastic integrals rather than to Ito stochastic integrals.

2.1 Differentiable path approximation to a Wiener process

Consider the Brownian bridge process formed from a given m-dimensional Wiener process
Wt - (th, PN ,th),

t
{Wt—ZWA,OStS A}. (2.23)
We pathwisely consider Fourier expansion of the process,
A | > 2rmt . ([ 2rmt
Wy — KWi = 50 + ; (ajﬂa cos ( A > + b, sin ( A )) (2.24)
with random coefficients
2 /A ( R <2r7rs)
Qjr = — Wi — —WJ) cos ds, (2.25)
Js A 0 A A A
2 (A 8\ . [2rTs
bjr = Z/o (Wg — KW£‘> sin ( A ) ds, (2.26)

and by setting t = A,
ajo0=—2) a;,. (2.27)
r=1

It can be shown that a;, and b;, are N (0;A/(27?r?)) distributed and pairwise

independent.
2rmt
+ b, Sin( Z )) . (2.28)

So we approximate W, by,
2.2 Representation of Stratonovich Stochastic Integrals

5.p t j 1 u 2rmt
Wit = KWA + 500 + ; @y €08 | —

We write v = %, from definition,

Lo

Joe =1t Joor=5t (2.29)
1 1 . _
Ji)e = ZWAJ(O)ﬂf + 540 + Z (aj, cos(2yrt) + bj, sin(2yrt)) . (2.30)
r=1



Then by integrating (2.28),

t
JiG0)t = /0 J(j),sds

| . A (2.31)
:ZWXJ(O’O)J + éaj,OJ(O),t + % ; ; ((]Jj’r Sln<2’}/7"t) - bjﬂ« [COS(Q’)/Tt) — 1]) .
So, by setting t = A,
. 1
Joy =48 T =Wa, Joo = 54% (2.32)
1 .
T = 58 (Wa + a50) (2.33)
In addition, by (1.22),
1 .
Toga = Joadoa = Jio.a =58 (Wa = aj0) . (2.34)
Furthermore,
A .
J(jl,jz) :/ J(jl),s e} deQ (235)
0
1 71 1 A e 4 J2
:ZWA Joo,j2) + 5%‘1,0*](]'2) + Z (aj, » cos(2yrs) + bj, ,sin(2yrs)) o dW/
0 =1
(2.36)
1 . 1 . .
=5 WAWA = 5 (050Wa' = a;,0WR) + Adj s, (2.37)
where,
1 [P .
Ao =X / Z (aj, » cos(2yrs) + bj, ,sin(2yrs)) o dW?? (2.38)
0 =1
1 [ &
N / (Z (aj, rcos(2yrs) + b, »sin(2yrs))) (2.39)
0 r=1
1 z .
. (ZWK + 2y Z r(—aj,,sin (2yrs) + bj, , cos (2yrs)))ds (2.40)
r=1
T (o)
:Z Z r (a’jl,rbjzﬂ” - bjlﬂ”ajz,r) : (2'41)
r=1



Based on this idea, we can derive,

1
J(0,0 0) — §A3 J(OjO - §A2W] Aij
1
J(j 0,0) = —A2W + ZAQ(ij + %A%)j
1 1
J(O,O,j) = gAQWJ — Z—lA2aJ,0 + %Aij

with

=1
=2
r=1

1

(2.42)
(2.43)

(2.44)

(2.45)

1 1 » 1 :
J(j1,0.52) = AVV“VVJ2 + 5a5,,0J0,5) —|— AVV”bJ1 — A? Bj, j, — L—lAaj%oWil + %AWK%

2

(2.46)
Lotz — L apyae 2 1 RN 2 Lo
Jogige) = gpAWAWR — —AWRbj, + ABjy jy — A6 0 WA + 5 AWRbj, + A°Chy gy + 587 Ao
(2.47)
with
1 o0
Bjiga = 5x > (@505 + by rbjsr) (2.48)
r=1
and
C L~ 7 ( 4 1bj, by, 1) (2.49)
j ) N 2 12 ,ra/.y 7Tal.j 7l j 5T ] »l :
1,J2 A e r2 — |2 1 2 1 2
r#l
J(jhjz,o) = J(jhjz) - J(j170,j2) - J(Oyjhjz) (2'50)
2.3 Approximation
We using independent standard Gaussian random variables to represent,
1 , 2 2
& = \/—ZWi, Cr = ”ZWT%’T’ Njr = \/Zﬁrbjw (2.51)
Z Ujry  Pip = Z (2.52)
\/ Pp r=p+1 V Aap r—p+1
where
1 1 &1 ™1 &K1
P a2 YT ig aw (259
1 1



Here p decides the truncated order and is set to be large enough.
For example,

1 2
Thy =4, Jh =VAg, JTh =54

T = %A (\/ij + axo) N %A (ﬂfj - aj,O)

(0,4)

where
1 "1
ajo = —;\/ 2A Z ;Cj,r — 2\/ Appﬂj,p
r=1
- 1 1 \/— p
T = §A€j1€jz 9 A(aj,085 — aj085) + AA7 5,
with

1 &1
A?mé = % Z ; <C117Tnj2,T - njlﬂ“<j2,7"> .

r=1

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)



3 Project 1V: Due May 12 before lecture

IV-1: Given 1D process driven by m-dimension Wiener process,
dX = adt+ ) VdW, (3.59)
j=1

determine i(jl,j27j37j4) and f(j, jojsja) fOr Jr, .. da € {1,...,m}.

IV-2: Approximating Wil 2 (101
1. Find a representation of I(; o) in terms of some random coefficients.
2. Calculate E(W{ I 2[1]o1) based on a truncation in (1) with Monte-Carlo.

3. Calculate E(W{ I 2)[1]o1) by direct sampling paths of Wiener process and integrating
along path.



