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Lecture 10: Strong Approximation of Stochastic
Integrals

Zhongjian Wang*

Abstract

Stratonovich Taylor expansion; strong approximation by Fourier series expansion.

Stratonovich Taylor Expansion

1.1 1D Case

Given X, satisfies,

t t
Xt:Xt0+/ G(Xs)d8+/ b(Xs)dWS,

to to

we know it also can be re-written as,

t t
Xt:Xt0+/ Q(Xs)d5+/ b(Xs)OdWS,
to to

where

g:a—§bb.

Given function f,

PO =F () + [ (g7 (00) 55 F (s + [ b (X,
0 0

= (X)+ [ (= 5M50F (X ds+ [ b (X d,

— (X)) + / LOf (X,)ds + / L'f (X.) o dW,

to
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where we note,
0
(1.5)

L' =a—
- Q@x
0
1
=b— 1.
L=l (16)
Now,
Xt :Xto
t S S
—|—/ (Q(Xto)—l—/ LOQ(XZ)dz+/ ng(Xz)osz)d
to to to
s (1.7)

to

t t
:Xt0+g(XtO)/ ds+b(XtO)/ LodW, + R

to to

t S
+/ (b(Xt0)+/ L% (X.) d= +/ le(Xz)odWZ) o IV,
to to

with remainder,

t S
://LOQ( dzds—i—//Ll .) o dW.ds
(1.8)
//LO .) dz o dW, +//Lb odWodW

1.2 General Case

Consider,
t m t
thxt0+/ o (s, X.) ds+Z/ b (s, X,) dVV7 (1.9)
to j=1 to
we have
t m t
X, =Xy, +/ a (s, X,)ds + Z/ V (s, X,) o dW? (1.10)
to j=1 to
with
m d :
i ;1 kv.(‘)bw
7=1 k=1
If
0 .0
L' = — A 1.12
= ot T ;Q oxk (1.12)
d 0
_ kj_ 9
Lh=) WMo (1.13)



then

9(7,X7) : 1=0
Jalg(-, X )]pr = pr Ja—[g(-, X.)]psds o 1>1,51=0
Iy Ja-lgC X)]ps0dWit 2 1> 1,5 > 1

Ito-Taylor Expansion: Finally, given an hierarchical set A,
)= AL 0 X))+ 3 L [L X
acA aeB(A) o
Relationship with Ito Integral, given g =1
e For l(a) € {0,1}

I, = J,.
e For [(a) = 2,
1

o = Ja = 51G=jar0} J0)-
e For [(a) = 3,

1

Iy = Jo — 9 (I{]'1=]'2750}‘](0:J'3) + I{J'2=]'3750}J(J'1,0)) :

e For [(a) = 4,

1
I, =J, + ZL]{j1=j27'50}]{j3=]'4750}‘](U:O)

1
3 (Tji=o0y 05 i) + Linmis0y J(in.0,3) + Tigs=iaz0y T o))

Relation between Stratonovich Integrals

l
J _
Wi Ja,t - E :J(j17~..,ji,j,ji+1 ,,,,, Ji)st

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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Sketch of Proof: By Ito formula of function like f(X,Y) = XY, similar with one in lecture
8, in which we show,

W Iat Zl(h dididigtd)t T Z 1{]1 J#O}I e Ji=1,0,Fi4 15e000) 5 (123)

Now,

t
Wt Joct - / a,s © dJ(g / J(j),sJa—,s © dWle (124)
0

= J(1,ind) t+/ wi o sodW] + 1203 J (1,100t (1.25)

2 Strong Approximation of Stochastic Integrals

Motivation: Riemann-Stieltjes integrals with respect to such a process will converge to
Stratonovich stochastic integrals rather than to Ito stochastic integrals.

2.1 Differentiable path approximation to a Wiener process

Consider the Brownian bridge process formed from a given m-dimensional Wiener process

W, = (WL ..., Wm),
t
{Wt—ZWA,OgtSA}. (2.26)

We pathwisely consider Fourier expansion of the process,

| - 2rmt 2rmt
Wt] — ZWi = iam + E (aj,r COS ( Z ) + bj,r sin ( Zr )) (227)
r=1

with random coefficients

2rms

a;, :—/ W —ZW])COS< < )ds, (2.28)

2rms
. _ 2w ;
by = A/ W )sm( ~ )ds, (2.29)

and by setting t = A,

Qo0 = —2 Z Qg - (230)
r=1



It can be shown that a;, and b;, are N (0;A/(27?r?)) distributed and pairwise
independent.
So we approximate W; by,

gt 1 & 2rmt . [ 2rmt
Wt = ZWA + §a]’,0 + ; Qjr COS A + bjyr Sin A . (231)
2.2 Representation of Stratonovich Stochastic Integrals
We write v = %, from definition,
Ly
Joype =1t Joo = 515 (2.32)
1
Jie = ZWAJ )t 5950 + Z aj, cos(2yrt) + bj . sin(2vyrt)) . (2.33)
Then by integrating (2.31),
t
S0t = / Ji),sds
0
L . A (2.34)
:ZWiJ(O,O),t + §aj70J )t + 7 Z (a;,sin(2yrt) — b [cos(2yrt) — 1]) .
r=1
So, by setting ¢t = A,
; 1
Joy =4 T =Wa, Joo) = 54% (2.35)
1 .
Ji0) = §A (WA +aj0) - (2.36)
In addition, by (1.22),
1 4
Topa = Jpedoa = Jioa =58 (Wa —aj). (2.37)
Furthermore,
A .
J(jth) —/ J(j1)75 o) dVVsJ2 (238)
J1 1 ; J2
AW Joj) + = 5%, 0J(jo) + Z (aj, »cos(2yrs) + bj, » sin(2yrs)) o dW?
(2.39)
1. 1 . .
=5 WAWR = 5 (a5 0Wa' — a; 0WR') + Ay, o, (2.40)



where, (note: cos? z = 1H22)

Aj i, =— / Z aj, » c08(297s) + bj, » sin(2yrs)) o AW (2.41)

1 [P
N / (Z (aj, r cos(2yrs) + bj, , sin(2yrs))) (2.42)

0 r=1

1. N :
: (ZWA + 2y Z r(—aj,,sin (2yrs) + bj, , cos (2yrs)))ds (2.43)
r=1
T oo

A Z (@, rbjor — bjirjs,r) - (2.44)

Based on this idea, we can derive,

1

J(0,0 0) — gAg, J(O]O 3 A2W] - —AQb (245)
1
J(j 0,0) — —A2W + —AQam + —A2bj (246)
4 2
1 1
J(() 0,j) — gAQWJ — Z—lAza]’o + %Aij (247)
with
1
b, 2.48
-3k 2
1 J1x/72 1 1 J2 2 1 Ji 1 Ji
J(jl 0,j2) = 3] AW W + 2%1 0J0]2) —|— AW bjl — A BijQ — Z_lAan’OWA + %AWA ij
(2.49)
1 J1Tx7J2 1 J2 2 1 J1 1 J1 2 1 2
Jogiin) = gpAWAWR = —AWRD;, + A°Bjy jy — 7B WA + o AWRbj, + A°Cj gy + 58745,
(2.50)
with
1 D
Bjrga = 5x > (@500 + by rbjsr) (2.51)
r=1
and
Cirge = A Z rz (raj, raz0 + 1), 1bj0) (2.52)
T‘;H
J(jhjzyo) = J(jl,jQ) - J(jl,O,jz) - J(O,j17j2) (253)



2.3 Approximation

We using independent standard Gaussian random variables to represent,

1 ; 2 2
£ = ﬁWi’ Gir =\ AT e = 4 Z'/Trbj,r

o0

Mip = . > i ip= Z
v/ Ap, =il \ /Aap a1 "

where

1 1 &K1 a2 1 &K1

(TR =P IR A T P o

r= r=

Here p decides the truncated order and is set to be large enough.
For example,

1 2
J&:A,J&:¢&; oo = 50
J(P;O A <\/Z£J + (Zj’0> y J.

where
1 "1
ajo = —; V2A Z ;gj,r -2 V App/ljap
r=1
. 1 1 VA P
J(j17j2) - §A€j1§j2 - 5 A (ajmogjl - ajlﬁogﬁ) + A4,
with
P

1 1
]1 g2 % 2; r le,rnjz,r - 77j1,er2,r) .

&ﬂ:%A(VZQ—Gm>

J1,J27

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)



3 Project IV: Due before lecture 13

IV-1: Given 1D process driven by m-dimension Wiener process,
dX = adt+ ) VdW, (3.62)
j=1

determine i(jl,j27j37j4) and f(j, jojsja) fOr Jr, .. da € {1,...,m}.

IV-2: Approximating Wil 2 (101
1. Find a representation of I(; o) in terms of some random coefficients.
2. Calculate E(W{ I 2[1]o1) based on a truncation in (1) with Monte-Carlo.

3. Calculate E(W{ I 2)[1]o1) by direct sampling paths of Wiener process and integrating
along path.



